In this paper, we study the existence and uniqueness results for nonlinear neutral pantograph equations with generalized fractional derivative. We use the Krasnoselskii fixed point theorem to show the existence results. An example is provided to illustrate the usefulness of the obtained results.
Prologue
Delay differential equations (DDEs) have an extensive range of applications in sciences, engineering and economics. DDE is a differential equation for an unknown function which involves derivatives of the function and in which the function, and possibly its derivative(s), occur with delay arguments. When the derivative(s) occur with the delay arguments, the equation is known as neutral delay differential equation. The pantograph type is one of the special types of delay differential equations, and growing attention is given to its analysis and numerical solution. Pantograph type always has the delay term fall after the initial value but before the desire approximation being calculated. When the delay term of pantograph type involved with the derivative(s), the equation is named as neutral delay differential equation of pantograph type. The pantograph equation is used in different fields of pure and applied mathematics such as number theory, dynamical systems, probability, quantum mechanics and electrodynamics (see [1, 4, 6, 9, 11, 12] and references therein). Pantograph equation has been studied by many researchers and solved by several numerical methods. Nowadays remarkable contributions have been made to the theory and applications of the fractional differential equations (FDEs). Many problems can be modelled with the help of the FDEs in many areas such as seismic analysis, viscous damping, viscoelastic materials and polymer physics(see [5, 10] ). These days generalization of the derivatives of both Riemann-Liouville and Caputo types are introduced and shown the effect of utilizing it in equations of mathematical physics or related to probability. This was done using the definition of generalized fractional derivatives given by Katugampola [7] . The author initiated a new fractional integral, which generalizes the Riemann-Liouville and the Hadamard integrals into a single form. Later, Katugampola [8] introduced a new fractional derivative, which generalizes the two derivatives in question. At this writing, only one paper in the literature has been devoted to neutral pantograph equations with generalized fractional derivative.
In this paper, we consider the following nonlocal neutral pantograph equation with generalized fractional derivative
It is seen that system (1.1) is equivalent to the following nonlinear integral equation, see [2, 3] for more details.
In passing, we note that the application of nonlinear condition x(0) + g(x) = x 0 in physical problems yeilds better effect than the initial condition
The outline of the paper is as follows. In Section 2, we give some basic definitions and results concerning the generalized fractional derivative. In Section 3, we present our main results by Krasnoselskii fixed point theorem.
Essentials concepts
In this section, we introduce notations, definitions and preliminary facts that are used throughout this article. Let C(J, X) be the Banach space of continuous function
Definition 2.1. The Riemann-Lioville fractional integral and derivative of order α ∈ C, Re(α) ≥ 0 are given by
repectively, where n = [Re(α)] and Γ(α) is the Gamma function.
Definition 2.2. The Hadamard fractional integral and derivative are given by
respectively, for t > a ≥ 0 and Re(α) > 0. Now we give the definitions of the generalized fractional operators introduced in [8] . 
4)
if the integral exists. • T x + Sy ∈ K for any x, y ∈ K;
• T is compact and continuous;
• S is contraction mapping.
Then there exists z 1 ∈ K such that z 1 = T z 1 + Sz 1 .
We are ready to present our results. We adopt some ideas from [3] .
Existence and uniqueness results
Let us list some hypotheses to prove our existence results.
(A1) f : J × X × X × X → X is continuous function.
(A2) There exist constants K > 0 and L > 0 such that
for any u, v, w, u, v, w ∈ X and t ∈ J.
(A3) g : C(J, X) → X is continuous and there exists b > 0, such that
(A4) There exist l, p, q, r ∈ C(J, X) with l * = sup t∈J l(t) < 1 such that
5)
then the system (1.1) has a unique solution.
Proof. For sake of brevity, we shall take
It is clear that the fixed points of P are solution of (1.1). Let x, y ∈ C(J, X) and t ∈ J, then we have
and
By replacing (3.7) in the inequality (3.6), we get
Thus,
From (3.5), it follows that P has a unique fixed point which is solution of system (1.1).
The main results are based on Krasnoselskii fixed point theorem. 
respectively. Note that x, y ∈ B r then Ax + By ∈ B r . Indeed it is easy to check the inequality
and by (A4)
Therefore,
) ,
By (A3), it is also clear that B is a contraction mapping. Produced from continuity of x, the operator (Ax)(t) is continuous in accordance with (A1). Also we observe that
) .
Then A is uniformly bounded on B r . Now let's prove that (Ax)(t) is equicontinuous. Let t 1 ,t 2 ∈ J, t 2 ≤ t 1 and x ∈ B r . Using the fact f is bounded on the compact set J × B r (thus sup (t,x)∈J×B r ∥K x (t)∥ := C 0 < ∞).
We will get
The second integral in the right-hand side of the last inequality has the value 1 ρα (t ρ 2 − t ρ 1 ) α . For the first integral, consider the three cases α < 0, α = 0 and α > 1 separately. In the case α = 1, the integral has the value zero.
Combining these results, we have
which is autonomous of x and head for zero as t 1 − t 2 → 0 consequently. A is equicontinuous. Thus, A is relatively compact on B r . By the Arzela-Ascoli theorem, A is compact. We now conclude the results of the theorem based on the Krasnoselskii fixed point theorem. Thus, the system (1.1) has at least one fixed point on J.
An example
Consider the nonlinear pantograph equation with generalized fractional derivative ρ c D α 0 + x(t) =
, t ∈ [0, T ],
a i x(t i ) = 0, 0 < t 1 < t 2 < · · · < t m < 1, 
